A new class of boundary value problems is presented. These problems are described by related equations of different nature and possess such properties as the appearance of highest derivatives in boundary conditions. Such problems appear to model common engineering constructions composed of elements of different mechanical natures like plates, shells, membranes, or three-dimensional elastic bodies. Two problems are considered in detail, namely a three-dimensional elastic body with flat elements taken as a plate or a membrane, and a plate-membrane system. The existence-uniqueness theorems for the corresponding boundary value problems are established and an application of a conforming FEM is justified.
Introduction.
The purpose is to construct and analyze some models of systems of coupled bodies subjected to external forces. The bodies are supposed to be described by different mathematical models, mainly using different approximations of the linear theory of elasticity. We consider in detail a Kirchhoff elastic plate coupled with a membrane or a plate with a three-dimensional elastic body. Our approach is based on a general principle of mechanics, the virtual work principle, whose advantage is a comparatively easy way to derive a full statement of the corresponding boundary value problem together with natural conditions on the boundaries of bodies including their contact part and to formulate the FEM equations.
Nonetheless, in addition, we give the standard formulation of the corresponding boundary value problem. First this makes it easier to see the advantage of our method: In the classical theory of elliptic problems one is faced with a change of order of ellipticity across inner borders and the occurrence of derivatives of highest order in the boundary conditions, difficulties avoided by the virtual work principle. Second, in one of the considered problems, the boundary conditions are of an unusual nature, being boundary value problems 158 J. A. ARANGO, L. P. LEBEDEV. AND I. I. VOROVICH themselves, an interesting fact which cannot be seen easily within the framework of the virtual work principle.
In what follows, the summation convention over repeated indices will be used; Latin indices range from 1 to 3 whereas Greek indices take values 1 and 2. A subscript a followed by a comma means the derivative with respect to the corresponding a-coordinate.
For static problems the virtual work principle is (see, for example, Truesdell [6] )
where SW is the work of the internal forces on the virtual displacements <5u (if the internal energy functional is determined then 8W is its first variation with respect to <5u). To illustrate, let us consider elasticity in three dimensions. Here
Jv where V is the volume occupied by the body, o~ij( u) is a component of stress tensor computed for a displacement vector u, <5£ij(u) is the variation of £ij(u),£jj(u) being a component of the linear strain tensor £ij( U) = ±(Uij +ujti), and thus 6eij(u) = £ij(6 u). where the moduli of elasticity Clyki are supposed to have symmetry with respect to any pair of indices. Additionally, we assume that Cijki£ij£kl > p£ij£ij, with a constant p > 0.
In addition to smoothness conditions depending on the nature of the problem under consideration, the body displacement vector u, as well as <5u, satisfy boundary conditions, part of which are imposed as geometrical constraints.
For example, if a piece S of the boundary dV is kept fixed, we have
and correspondingly for <5u <5u|s = 0.
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The other part of the boundary conditions is assumed to be natural. As is well known ( [6] ), Eq. (1) considered for all admissible virtual displacements determines the equations of the corresponding boundary value problem as well as natural boundary conditions; vice versa, from a classical statement of the problem it is possible to obtain Eq. (1) and so, if a classical solution exists, if one adds a geometrical boundary condition of the type (4), Eq. (1) can be considered as equivalent to the statement of the problem. This brings us to the idea to use Eq. (1) to define a generalized solution of this mixed problem directly. Note that Korn's inequality (see [5] ) allows us to use the symmetrical bilinear form 6W with respect to variables u and feasa scalar product on a subspace of the Sobolev space (H^V))3 of vector functions satisfying the boundary condition (4); so if we can show that 6A in (1) is a linear continuous functional with respect to <5u on this subspace-and this is the case for a certain class of forces-then, using the Riesz representation theorem in Hilbert space, we get immediately a theorem of existence and uniqueness.
Moreover, now we can write the equations of the Finite Element Method (FEM) for mechanical problems almost automatically.
Our point of view is that direct usage of the virtual work principle gives certain advantages in the study of complicated mechanical systems compared to the traditional approach.
• Natural boundary and natural contact conditions are obtained as a consequence of the principle; they agree with the nature of mechanical models of bodies, are correct, full and sometimes not self-evidently.
• Equation (1) can be used to formulate the equations of FEM directly instead of the long traditional way of multiplying the equation by virtual displacements, integrating and transforming the result of the same Eq. (1).
• Equation (1) gives in a natural way a generalized statement of the problem under consideration thereby dictating energy spaces for generalized solutions, a comparatively easy way to prove the theorems of existence and uniqueness of generalized solutions, and to justify the FEM.
We recall some basic facts about Sobolev spaces:
Let m,n be nonnegative integers and V a bounded domain in R". Consider the internal product in Cm(V): for all q > 6 and all p> 4, are also continuous.
We further state some problems of applied mechanics concerning a system of two coupled bodies under load. The bodies are described by different mechanical models and, as a result, the functionals of external virtual work are the sums of two independent parts 6W = 6W1+6W2, 6A = 6Al+6A2, where the index i refers to the ith body. The bodies are related through the contact boundary; they have the same displacements on it, and there are stress relations on the contact boundary, a consequence of the virtual work principle.
2. Coupling of a plate and a membrane. First we consider a relatively simple problem for a plate coupled with a membrane; it is taken mainly to demonstrate our technique.
Choose a Cartesian coordinate system such that the middle surface of the plate, flp. and the region occupied by the membrane, $7m, are placed on the (x\, a^-plane. The region occupied by the plate is flp x [-|, |], where h denotes the plate thickness. Assume that the contact line between the membrane and the plate F is contained in the boundary d£lv of fir,.
In the case of a plate the virtual work done by the external forces on virtual (vertical) displacement Sw is 6A" I F6wdx\dx2+ / f6uuds, JQV JdQv where F and / depend on the volume and surfaces distributed forces acting on the plate.
We use the Kirchhoff model of the plate with the standard assumptions <733 -0, £13 = £23 = 0.
Here we consider the bending problem,
for all (xi,x2) e and all < 23 < thus
where we use the standard notation for the change of curvature pap = d2w/dxadxp and Spap = d26w/dxadxf}.
KirchofF's hypothesis, together with (2), shows that the virtual work done by the internal forces is 6WP= / Map(u)6pai3 dx\dx2 The other integrals give the work of external forces on virtual displacements 6w,
8 Am = / G8wdxidxo+ / gSwds.
Jnm JdQm
We assume that the displacements on the junction line are the same for the plate and the membrane:
Hnm (s) = w\nP(s) for a11 s G T.
Thus the classical solution of the coupled problem belongs to the class Ci = C(nm u Op) n {C\WP) u c2(fQ). 
Moreover, without loss of generality, we assume that Si = S fl dflp contains at least three points that do not lie on the same straight line.
We know that the Kirchhoff plate model requires a second condition, say on Si; it is possible to require dw/dn = 0
or to assign a moment.
As to the membrane, a condition of type 8 or 9 is needed. But what to do with a line of plate-shell contact? Each of the models requires a different number of boundary conditions and it is not at all clear how to choose them in a compatible way. One of them is evident: the displacements must be continuous and this was reflected above in the definition of C\. Others are not so evident; for example, it is clear from the mechanical nature of the problem that we cannot require continuity of the derivatives. Our approach produces those conditions in a natural way. 
We need to put some restrictions on external forces. Let us assume that for some q > 1 GE L9(f2m), gE L9(cK7m), Fe L1^), /sL1^).
In Definition (6) we said nothing about other boundary conditions. Since our approach is variational this means we imposed some conditions, which are called natural, implicitly. 
kAw + G = 0 in Qm,
Q n + d~^"r + / -0 on <9f2p/(ru S), 
Equations (12) through (16) correspond to the classical theory of plates and membranes, whereas Eq. (17) describes the coupling of plate and membrane.
To complete the statement of the problem we need to add the geometrical condition w = 0 on S.
As expected, on the contact line T we have obtained an additional condition which is also natural; it means that the transversal force is continuous (the term kVw • n in the membrane theory has the mechanical meaning of transversal force too). We emphasize that on r there are two additional conditions, the continuity condition Hanpnr = Hsnmnr, -^nn|aopnr -0, whose mechanical meaning is clear: the membrane cannot produce a moment. Note that the boundary value problem considered is elliptic on both domains fim and Clp with different order of ellipticity on the two domains. 3 . Coupling of a plate and an elastic body.
In this section we consider a plate and an elastic body under load which are patched together. This problem is more realistic than the one considered in the previous section; it occurs in different areas of applied mechanics. We assume that the normal of the plate remains normal to its mid-surface after loading and use the same Kirchhoff model as in Sec. As in Sec. 2 we choose a Cartesian system in such a way that the middle surface of the plate flp lies on the plane X3 = 0. Let V be the region occupied by the body. By flpb we denote the lower panel of the plate (2:3 = -|) and suppose that Qpb C dV.
For the plate, the virtual work done by the external forces on the virtual displacement 6u is given by 6Ap= / F • i5udx\dx2 + / F ■ Suds JdQp ' dQ,p where F = (Fi,F2,F) and F = are obtained from the set of external forces (acting on the three-dimensional volume of the plate) using traditional tools of Kirchhoff plate theory. For the virtual work done by the internal forces we have SWP = / (Na/3(u)£a/3(6u) + Ma0(u)6pa0) dxxdx2, Jqp where Mag(u) is defined as in Sec. 2 and
it is seen that dWp, as compared to 8WP of Sec. 2, has an additional term that counts for the tangential deformation of the plate. Now let us model the second element of the couples problem the 3-dimensional elastic body. For definiteness, we again assume a piece of the body boundary S to be kept fixed,
and forces given on the other part. For the body, the virtual work done by the external forces on a virtual displacement 6u is given by The virtual work SWt, done by the internal forces is 6Wb = / crij(u)6£ij{u)dx.
Jv
Let us denote (u,<5u)b = 8Wb and (u,8u)p = SWp.
For external forces we assume that F1,F2e L«(fip), FeL1^), /J2 6LW, 9 > 1) G1,G2,GG L6/5(y), gi,g2,geL4/\dV).
To be consistent with the notation of Sec. 2 we shall write {(ui, u2,w) when (xi,x2) G fip, (iti,u2,it3) when (xi,x2,x3) € V.
Now we need to state some conditions on the contact surface. One of them is evident; this is the continuity of the displacement vector u = (u\,u2,w) on the contact region, namely, by the Kirchhoff hypothesis, w (xi,x2,-|) = w(xi, £2,0),
uQ(xi,x2,-^j =ua(x1,x2,0) + ^^-{x1,x2,0), for all (xi,x2) € £lp,
where U\ (xi, x2, -j), u2(xi, x2, -^), and w(xi,x2,-^) stand for the displacements of the body at the contact region with the plate, and the other terms refer to the plate.
We cannot require more smoothness of the displacement field on f2p&; this would contradict the model of deformation. So we expect that our approach, using the Virtual Work Principle, will produce natural contact conditions.
A classical solution of the coupled problem has to belong to the class C2 of vector 
